This article concerns the modeling and design of a slitted stator core for single-sided axial-flux permanent-magnet machine application. The stator core is specially designed to maximize the magnetic-flux density in the air gap and to minimize the eddy-current losses occurring at high rotational speeds. To reduce the effort needed for computing the motional eddy-current distribution in the presence of nonlinear material characteristics, a novel method is proposed. It combines the harmonic balance method, which is advantageous for simulating in the frequency domain the steady-state periodic response of a nonlinear system under harmonic excitation, together with a source description that introduces a complex magnetization that mimics the displacement of the permanent-magnet array. Following this method, time-domain distributions and losses can be reconstructed accurately with a low number of harmonics. A 3-D periodic model of the slotless axial-flux machine is built in the framework of isogeometric analysis (IGA) and a mixed formulation is employed, which relies on high-order Nédélec edge elements. The proposed model is embedded into a gradient-based optimization problem to determine the optimal shape of the slits in the stator core of the motor. This results in a novel cost-effective solution for improving the efficiency of axial-flux permanent-magnet machines.
I. INTRODUCTION
A XIAL-FLUX permanent-magnet (AFPM) topologies exhibit higher power density and efficiency than traditional radial-flux permanent-magnet (RFPM) machines [1] . Compact structure, better cooling capabilities, and an adjustable air gap make the AFPM technology an attractive candidate compared with RFPM. Single-sided, double-sided, and multi-stack topologies are possible depending on the application. In this article, a slotless single-sided topology is considered. This choice is motivated by a simpler design and manufacturing solution, and an easier stator-and rotor-removal process. A lower volume of permanent magnet is required, and therefore, lower cost solution can be proposed. However, single-sided design suffers from unbalanced axial forces, which can lead to more complex bearing systems and thicker dimensions to avoid deflection. The stator core of the AFPM machine is made of a soft-magnetic material, which exhibits nonlinear BH characteristics and leads to hysteresis losses, eddy-current losses, and additional excess losses under rotating magnetic fields. Two main design methods are commonly used to reduce these losses, either lamination of the core is performed or high-performance material is used, such as grain-oriented electrical steel (GOES) or soft-magnetic composite (SMC) materials. However, in axial-flux topologies, the lamination technique is not possible, as the stator core would consist of a large set of concentric iron rings with an incrementally increasing diameter, which is difficult to manufacture. The use of an SMC core is often preferred with AFPM machines, and the development of such materials has Manuscript received July 23, 2019; revised November 1, 2019; accepted November 9, 2019. Date of current version January 20, 2020. Corresponding author: L. A. J. Friedrich (e-mail: l.friedrich@tue.nl).
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Digital Object Identifier 10.1109/TMAG.2019.2953625 been greatly reducing the core losses. However, SMC has a much higher cost than more common types of steel and does exhibit a lower permeability and saturation level. Such a high-performance material solution is not cost-optimal and leads to poor scalability toward large AFPM machines. A geometrically accurate and time-efficient model is required to assess the machine performances under design changes. AFPM machines are inherently 3-D problems, but 2-D simplifications are often proposed to reduce the computational effort [2]- [5] . However, quasi-3-D models lack accuracy and robustness with respect to dimension changes, especially when nonlinear characteristics are present and when eddy-current loss estimation is of interest. Including motional eddy-current effects in the simulation can be done using either time-stepping linearization or time-discretization with the Galerkin method, resulting in 4-D models. Both methods lead to large systems of equations and require the development of additional techniques to represent accurately the air-gap sliding interface. Moreover, since nonlinear material characteristics are included, several iterations per time-step are needed. If the steady-state solution is of interest, it is necessary to step through several periods, which makes such a method unusable for optimization problems. By assuming harmonic excitation corresponding to a constant rotational speed and taking advantage of both time and space periodicity of the solution, the complexity can be reduced to a spatial problem in the frequency domain, using the harmonic balance method. Moreover, since the soft-magnetic material characteristic is nonlinear, the solution can be approximated by means of multiharmonic series.
In this article, an economical solution for AFPM stator design is proposed. It consists of the trimming of elongated holes, or slits, in the azimuthal direction of the core, which is made out of a cheap soft-magnetic material Cogent M270-50A-50 Hz. Slitted cores partially replace 0018-9464 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. the laminations in their role of eddy-current barriers, while guaranteeing better structural properties and ease of manufacturing. To simulate the 3-D motional eddy-current problem with nonlinear magnetic properties, a modeling approach is proposed, which combines the isogeometric framework with the decoupled harmonic balance method. The isogeometric analysis (IGA) enables the exact representation of 3-D curved geometries and slits shapes, as well as the accurate solution of electromagnetic fields on such a complex geometrical structure, at a reduced cost with regard to the number of degrees of freedom, when compared with the traditional finite-element method (FEM). The multiharmonic system is significantly smaller than its transient counterpart and enables fast and accurate extraction of the machine parameters, such as torque ripples and time-averaged eddy-current losses, which are minimized by performing a design optimization of the shape and position of the slits in the stator core of the AFPM machine.
II. MODELING METHOD
The modeling of the motional eddy-current distribution entails three main components: the geometrical model, the space discretization, and, finally, the matrix assembly for the nonlinear multiharmonic problem. The 3-D geometrical model contains curved domains and slits, which are described through B-spline functions. These functions provide a flexible and parametric shape description, which is also used in computer-aided design (CAD) models. The different elements are built successively from lines and surfaces to volumes, which are then glued into a multipatch geometry object. The permanent-magnet layer exhibits a complex magnetization, where the phase depends on the angular position of the quadrature points. This motionless method mimics the translation of the magnet array and does not need to incorporate a transient solver nor a sliding interface, which eases both implementation and computational effort.
The quasi-static Maxwell equations are solved for the magnetic vector potential, A, which has all three components active and gauged to ensure a divergence-free solution. This can be done by regularization, i.e., the introduction of an infinitesimal conductivity in non-conducting regions. Instead, a saddle-point approach is chosen in this article and mixed approximation spaces are constructed for the multipatch geometry. The vectorial basis functions consist of high-order curlconforming Nédélec edge elements, which is a natural choice, since only the tangential component of the magnetic vector potential is continuous at the interfaces. The scalar basis function consists of grad-conforming elements. Mathematical explanations about the de Rham cohomology, the high-order generalization of mixed spaces, and the functional analysis necessary for a complete derivation of the 3-D electromagnetic problems modeling in the IGA framework can be found in [6] .
The mixed formulation relies on the following pair of functional spaces:
The scalar space is used for the Lagrange multipliers λ, which resemble an electric scalar potential V , while the vector space is used for the magnetic vector potential A. For each harmonic, k, and each iteration, p, the problems read as follows.
where ν 0 represents the dc component of the incremental magnetic reluctivity, j is the complex unit vector, ω is the electrical pulsation, and σ is the electrical conductivity only present in the core denoted as c . The parameter = 1 + j ωσ is a coefficient introduced to gauge the magnetic vector potential in the whole domain and at the same time to gauge the eddy currents in the electrically conducting domain c .
The harmonic balance method [7] , [8] is employed to obtain the coupled system of equations for solving the nonlinear multiharmonic problem. This iterative method has been widely used to model motionless nonlinear systems under harmonic current excitation, such as transformers [9] , [10] . However, in this article, because of the introduction of the source description using complex position-dependent magnetization, the motional eddy currents can be analyzed. The complex-valued problem derived from the harmonic balance is linearized using the fixed-point method described in [11] . The solution in the time domain is reconstructed from the computed Fourier coefficients. Moreover, the resulting algebraic system is 2N + 1 times larger than the original spatial system, where N is the highest harmonic considered in the solution. Therefore, an iterative solver is needed to invert such a matrix, which, in turn, necessitates a proper preconditioner and smoother [10] . In order to limit the implementation overhead, a decoupled harmonics system is chosen, where each harmonic I  INITIAL PARAMETERS OF THE CONSIDERED AFPM TOPOLOGY is solved after another, and the inter-harmonic coupling part is done through an equivalent source term, and the right-hand side. The derivation of the multi-harmonic model falls from the Fourier transform of the diffusion equation (6), which reads
where F denotes the Fourier transform and * is the convolution product. M indicates the magnetization coefficients in the magnet and the nonlinear iron material and ν indicates the reluctivity coefficients that are obtained through fast Fourier transform (FFT) of the reconstructed time profiles at each node. Correspondingly, the machine performance indicators are reconstructed in the time domain. The torque profile T is obtained through the integration of the Maxwell stress tensor with the radius r at the interface S between the air gap and the core, from the viewpoint of air
The eddy-current losses P are obtained through the integration of the eddy-current density J in the core material
III. RESULTS
The considered AFPM topology is shown in Fig. 1 and the corresponding dimensions and physical parameters are given in Table I . The model is first validated against a nonlinear Fig. 2 . Eddy-current loss validation for the initial topology with no slit (S0), one slit (S1), two slits (S2), and three slits (S3). transient finite-element analysis conducted on the commercial software Altair Flux, which solves the T − formulation on a second-order hexahedral relaxed mapped-mesh, which includes 273-656 nodes. The validation of the eddy-current losses is given in Fig. 2 for the slitless topology. A good match is observed with a discrepancy on the mean value of the losses equal to 0.97%, 0.42%, 0.51%, and 1.20% for the plate with zero, one, two, and three slits, respectively. However, different phase shifts can be observed and explained by the fact that the harmonic balance solves the Fourier coefficients without information about the initial phase useful for reconstruction. To resolve this issue, several methods exist that extend the algebraic system by one or more additional equations to gauge the phase value [12] , [13] . Concerning the computational time, different implementation platforms and strategies are considered, so the validity of the comparison should be taken relatively carefully. In FEM, the transient problem is simulated on three periods, with 20 time-steps per period to ensure that steady state is reached. The computational effort for solving the nonlinear system is about three days. This effort only includes the solving time, in particular, no meshing and post-processing are considered. In IGA, the computational effort is about 80, 160, 250, and 340 s, for the topologies with zero, one, two, and three slits, respectively. This computational time includes the creation of the geometry, the generation of the functional spaces and mesh, the solving, and the postprocessing. The computational effort of the transient FEM is considered as impractical for design optimization compared with the proposed frequency-domain approach.
The validated model is further embedded in a gradient-based optimization problem. The design variables x i control the control points of the B-splines, which determine the shape and position of the slits. The objective consists in the minimization of the mean eddy-current losses P eddy , while maintaining a low magnitude of torque ripples T rip . The optimization problem reads
min: where R j and α j are the radii and arc-to-pitch ratios of each slit. The result of the optimization, together with the original values of the eddy-current losses and the torque ripples, is summarized in Table II . Moreover, in Fig. 3(a) , the eddycurrent density distributions are shown in the slitless plate, and the influence of the number of slits is exemplified in Fig. 3(b)-(d) . It can be observed that the eddy-current losses can be reduced by 51%, 87%, and 97%, by introducing one, two, or three slits, respectively. This demonstrates the applicability and flexibility of the proposed approach as a computationally efficient framework for solving nonlinear motional eddy-current problems. The slit thickness was fixed to 2 mm to ease visualization; however, in practical applications, it should be minimized, since it impairs the magnetic loading and the developed torque. In addition, the number of slits should be further increased to reduce the eddy-current losses toward a more practical value for the considered application. To treat the slitted-stator problem more efficiently, it is beneficial to be able to describe an increasing number of slits without changing dramatically the number of patches and the computational time. This can be achieved through the Boolean trimming operations and the use of hybrid high-order mesh elements, which are active research topics in the context of IGA [14] , [15] . Finally, hierarchical vector spaces are of interest, as they allow refining adaptively the mesh in the skin depth of the core, where the eddy currents are concentrated [16] .
IV. CONCLUSION
A source description relying on the use of a complex-valued magnetization has been proposed, which allows computing the eddy-current distribution in the stator core due to the motion of a permanent-magnet array in the frequency domain. This extends the application of the harmonic balance method to model the motional eddy currents in the presence of nonlinear material characteristics. This method is applied to the modeling and design of slits in the core, which act as eddy-current barriers and increase the efficiency of the AFPM machine. The slitted stator core offers a novel cost-effective solution for the manufacturing of permanent-magnet machines.
